Introduction
A group G is called metahamiltonian if every nonabelian subgroup of G is normal. Metahamiltonian groups were introduced and investigated in a series of papers by Romalis and Sesekin (see [17] [18] [19] ); they proved in particular that the commutator subgroup of any group with such property is finite with prime-power order. In [6, Theorem 3.4] , De Mari and De Giovanni proved that a locally graded metahamiltonian group is soluble with derived length of at most 3. In [14, Theorem 1], Mahnev proved that for prime integer p, the commutator subgroup of a finite metahamiltonian p -group is abelian. For more details and the current knowledge related to these kinds of groups, we recommend the book by Kuzenniy and Semko [12] .
A group G is called minimal non-metahamiltonian if every proper subgroup of G is a metahamiltonian but G itself is not. In [5, Lemma 4.2], De Falco et al. proved that a locally graded group with such property is finite. In [5] , the authors also gave the alternating group A 5 as an example that shows that there exist finite insoluble minimal non-metahamiltonian groups. Further, A 5 is perfect simple with every proper subgroup metabelian. Corollary 2 shows that a simple locally graded minimal non-metahamiltonian group is isomorphic to A 5 .
Therefore, every minimal non-metahamiltonian group may not soluble. It is natural to ask: "Is there a soluble minimal non-metahamiltonian group?" The answer to this question is yes. It is well known that the general linear group GL(2, 3) is a soluble group with derived length 4 . On the other hand, this group is also a minimal non-metahamiltonian group: indeed, its subgroups of order sixteen are nonabelian and not normal. Also, one can see that every proper subgroup of GL(2, 3) is metahamiltonian. Theorem 1(ii) shows that a nonperfect locally graded minimal non-metahamiltonian group is soluble with derived length of at most 4 . of order 2, which is the Schur multiplier of A 5 , by the group A 5 itself, this group is perfect, but not simple. It is easy show that it is a minimal non-metahamiltonian group with its only proper nontrivial normal subgroup being its center, and also, the Frattini factor of it is isomorphic to A 5 . Theorem 1(i) shows that the Frattini factor of a perfect nonsimple locally graded minimal non-metahamiltonian group is isomorphic to A 5 .
The generalized dihedral group for the direct product of Z 4 and Z 4 is known as a metabelian 2-group, but it is also a minimal non-metahamiltonian group: indeed, it has nonnormal nonabelian subgroups of order eight. One can also see that every proper subgroup is metahamiltonian.
Another question is "Does there exist a non-metabelian locally graded minimal non-metahamiltonian 2-group?" The technique used by O'Brein in [15] shows that there is no non-metabelian minimal non-metahamiltonian group of order dividing 2 9 , which means that there is no such a group of order dividing 2 9 . Furthermore, we could not find any example that shows that there exists a metabelian (or not) minimal non-metahamiltonian group of order at least 2 10 in the literature. As a consequence, we have no answer to this question, neither yes nor no. In this study, for any prime integer p , we show that a locally graded minimal non-metahamiltonian p -group for which every proper subgroup is metacyclic is metabelian (see Theorem 3). We also prove for any prime integer p that a d-maximal locally graded minimal non-metahamiltonian p -group is metabelian (see
denotes the cardinality of a minimal generating set of G .
Therefore, we are going to deal with the conditions that make the answer to this question be no.
Recall that a group G is called locally graded if every finitely generated nontrivial subgroup of G has a proper subgroup of finite index. Locally graded groups form a wide class of generalized soluble groups, containing in particular all locally (soluble-by-finite) groups.
Most of our notation is standard and can be found in [16] .
The main conclusions
Now we are ready to give and prove Theorem 1, Theorem 2, and Theorem 3. proper nonabelian subgroup that is not normal (see [7] ), and so these groups cannot be minimal nonmetahamiltonian groups.
Theorem 1 Let G be a locally graded minimal non-metahamiltonian group. (i) If G is perfect, then the Frattini factor group of G , i.e. G/Φ(G), is isomorphic to A 5 . (ii) If G is not perfect, then G is a soluble group with derived length of at most 4 .

Proof
( We would like to make a note here that the generalized dihedral group for the direct product of Z 4 and Z 4 shows that the converse of the statement in Theorem 3 is not true in general.
